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Background

● A few landmarks in the large literature on the 
measurement of poverty
► Sen (1976, Econometrica): Poverty: an ordinal 

approach to measurement 

► Foster, Greer, Thorbecke (1984): A class of 
decomposable poverty measures

► Sen (1980s and 1990s): 
• 1980: Equality of what? (Tanner lecture)

• 1982: Choice, welfare and measurement 

• 1985: Commodities and capabilities

• 1992: Inequality reexamined

• 1999: Development as freedom 

► “Sen program” – how to operationalize 
multidimensional poverty measurement 
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Poverty as capability 
failure 

Multidimensionality of 
poverty 

Axiomatic foundations 
of income 

(unidimensional) 
poverty measurement



Background

● Recently, the Atkinson Report (Report of the Commission on Global Poverty, 2017) 
distinguished three other broad approaches to measuring welfare and poverty:  
► Asking people – Voices of the Poor 

► Basic Needs 

► Minimum Rights 

● Another significant precursor – measurement of social exclusion in OECD countries –
Sarkozy Commission 

● All these approaches can be important for informing a multidimensional perspective on 
poverty

● Not mutually exclusive, considerable overlap in these approaches
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Multidimensional welfare and poverty measurement: 
conceptual roots

• All potentially involve lists –
multidimensionality 

• Lists offer a foundation for 
specifying ends not just means 

• Provide justification for direct 
attention to items in the list

Asking people
Basic Needs
Capabilities

Minimum Rights 



A stylized representation of the poverty monitoring system

Poverty 
monitoring

Monetary Income/ cons. 
Poverty 

Non-monetary/ 
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Dashboard

Composite 
Indices

Multidimensional 
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Dashboard, Composite Indices and Multidimensional 
Welfare Measures

● Accepting the desirability of a 
multidimensional approach to welfare 
and poverty, can we just work with a 
dashboard of indicators?

● With a dial for each indicator

Education

Sanitation

Health

Water

Housing

Employment

Security



Dashboards 

● As a first step, the dashboard of indicators is very useful 

Key issue: joint distribution of indicators 

● Each dial gives us a measure of deprivation in a single dimension 

● But we are also interested in the overlap of deprivations – can be important for policy 

● Individual dials do not give us information on pattern of overlap of deprivations 

● The same problem with composite indices 



Composite indices – averages of unidimensional indices

Life 
expectancy Education

Per capita 
income/ 

standard of 
living

HDI   or  
HPI

● Composite indices do not give us an idea of the overlap of deprivations 
● Sometimes, they depend only on the average values of indicators (e.g. the HDI) – not 

responsive to unequal distribution around the average 
● At best, they depend on the marginal distributions of indicators, but not the joint 

distribution of indicators 



Venn Diagrams can only go so far 
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Venn Diagrams – the curse of dimensionality
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Venn Diagrams – the curse of dimensionality

Imagine comparing Venn Diagrams for two points of time or two 
regions
2010 2017
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Multidimensional welfare measures as a way to summarize 
joint distribution of deprivations

● What is true of Venn Diagrams is also true of cross-tabulations as a response to dealing 
with a representation of overlapping deprivations

● 3 x 3 cross-tabs are challenging enough to follow 
● Higher-order cross-tabs are virtually impossible to comprehend and form judgements on 
● So, we need some way of summarizing and aggregating information on the joint 

distribution of deprivations meaningfully 
● This is where multidimensional welfare measures come in 
● But, we don’t want to aggregate information on the joint distribution in an arbitrary way 
● The analytical approach: 

► Develop MP measures that satisfy a set of desirable properties (axioms) => axiomatic 
approach to MP measures 



Background
● “Sen program” – how to operationalize the measurement of 

multidimensional poverty? 
● This program has spawned a big literature

► Two recent reviews: Alkire et al (2015); Aaberge and Brandolini
(2015)

► An early antecedent: 
• Atkinson and Bourguignon (1982, R E Stud): The comparison of 

multidimensional distributions of economic status

► Two focal contributions for this paper:
• Bourguignon and Chakravarty (2003, J E Inequality): The 

measurement of multidimensional poverty 

• Alkire and Foster (2011, J Pub E): Counting and multidimensional 
poverty measurement – working paper in 2007 

Axiomatic 

foundations of 

multidimensional 

poverty 

measurement
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Plan for rest of the talk

Four main parts: 

● Introduce the “counting” approach to multidimensional (md) poverty measurement 

● Present axiomatic arguments for distribution-sensitive md-poverty measures
► Strong transfer axiom 

► Cross-dimensional convexity axiom  

● Distribution-sensitive md-poverty measures and their properties 

● Application for India 

Measurement of multidimensional poverty 14



The set-up

● A population of 𝑛𝑛 individuals:  𝑖𝑖 = 1, …𝑛𝑛

● 𝑑𝑑 welfare dimensions:  𝑗𝑗 = 1, …𝑑𝑑

● 𝑦𝑦 = 𝑦𝑦𝑖𝑖𝑖𝑖 - an 𝑛𝑛 × 𝑑𝑑 matrix of non-negative achievements 

● dimensional cut-offs (or “poverty lines”):  𝑧𝑧𝑖𝑖 > 0

● individual 𝑖𝑖 is deprived in dimension 𝑗𝑗 if 𝑦𝑦𝑖𝑖𝑖𝑖 < 𝑧𝑧𝑖𝑖 , and non-deprived in 𝑗𝑗 otherwise:   

𝐼𝐼𝑖𝑖𝑖𝑖 = 𝐼𝐼 𝑦𝑦𝑖𝑖𝑖𝑖 < 𝑧𝑧𝑖𝑖

● a corresponding 𝑛𝑛 × 𝑑𝑑 matrix of proportionate deprivations: 𝑔𝑔𝛼𝛼 𝑦𝑦 = 𝑔𝑔𝑖𝑖𝑖𝑖𝛼𝛼

where 𝑔𝑔𝑖𝑖𝑖𝑖𝛼𝛼 = 1 − 𝑦𝑦𝑖𝑖𝑖𝑖/𝑧𝑧𝑖𝑖
𝛼𝛼𝐼𝐼𝑖𝑖𝑖𝑖 for 𝛼𝛼 ≥ 0

● An individual can be deprived in none, one, more than one, or all dimensions

● the number of deprived dimensions for individual 𝑖𝑖:   𝑐𝑐𝑖𝑖 = ∑𝑖𝑖=1𝑑𝑑 𝐼𝐼𝑖𝑖𝑖𝑖
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Counting measures: the AF methodology 

● The idea of a dual cut-off to identify the poor 

● In addition to dimensional cut-offs 𝑧𝑧𝑖𝑖 , a poverty or cross-dimensional cut-off 𝑘𝑘 such that: 

► an individual is considered poor if deprived in at least 𝑘𝑘 of the 𝑑𝑑 dimensions 

● a poverty indicator function:  𝐼𝐼𝑖𝑖𝑘𝑘 = 𝐼𝐼 𝑐𝑐𝑖𝑖 ≥ 𝑘𝑘

● The AF measure: 

𝑀𝑀 𝛼𝛼, 𝑘𝑘;𝑦𝑦 =
1
𝑛𝑛
�
𝑖𝑖=1

𝑛𝑛
1
𝑑𝑑
�
𝑖𝑖=1

𝑑𝑑

𝑔𝑔𝑖𝑖𝑖𝑖𝛼𝛼 𝐼𝐼𝑖𝑖𝑘𝑘

● Two special cases: 
► intersection case: 𝑘𝑘 = 𝑑𝑑
► union case: 𝑘𝑘 = 1

● The AF measure satisfies a number of commonly-proposed axioms
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AF measures

● One of the properties that AF measures satisfy is subgroup decomposability

𝑀𝑀 𝛼𝛼, 𝑘𝑘;𝑦𝑦 as an average of individual poverty measures, 𝑚𝑚𝑖𝑖 𝛼𝛼, 𝑘𝑘;𝑦𝑦𝑖𝑖 : 

𝑀𝑀 𝛼𝛼, 𝑘𝑘;𝑦𝑦 = 1
𝑛𝑛
∑𝑖𝑖=1𝑛𝑛 𝑚𝑚𝑖𝑖 (𝛼𝛼, 𝑘𝑘;𝑦𝑦𝑖𝑖) where 𝑚𝑚𝑖𝑖 𝛼𝛼, 𝑘𝑘;𝑦𝑦𝑖𝑖 = 1

𝑑𝑑
∑𝑖𝑖=1𝑑𝑑 𝑔𝑔𝑖𝑖𝑖𝑖𝛼𝛼 𝐼𝐼𝑖𝑖𝑘𝑘

Using notation µ(. . ) to denote the mean of a matrix defined as the sum of all its elements 
of divided by the total number of its elements: 

𝑀𝑀 𝛼𝛼, 𝑘𝑘;𝑦𝑦 = 𝜇𝜇 𝑔𝑔𝛼𝛼(𝑘𝑘;𝑦𝑦) where 𝑔𝑔𝛼𝛼 𝑘𝑘;𝑦𝑦 = 𝑑𝑑𝑖𝑖𝑑𝑑𝑔𝑔 𝐼𝐼𝑖𝑖𝑘𝑘 𝑔𝑔𝛼𝛼(𝑦𝑦)
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Violation of strong transfer axiom by AF 
counting measures
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Violation of strong transfer axiom by AF counting measures
● An elementary form of the transfer axiom following Sen (1976): 

► a transfer from a poorer to a richer person must increase measured poverty

● Strong transfer axiom
► Person 𝑖𝑖′ is poorer than person 𝑖𝑖𝑖𝑖 (𝑦𝑦𝑖𝑖′′𝐷𝐷𝑦𝑦𝑖𝑖′). 𝑦𝑦𝑖𝑖′𝑖𝑖 ≤ 𝑦𝑦𝑖𝑖′′𝑖𝑖 for all 𝑗𝑗 and 𝑦𝑦𝑖𝑖′𝑖𝑖′ < 𝑦𝑦𝑖𝑖′′𝑖𝑖′ for at 

least one 𝑗𝑗𝑖 ∈ 1, 2, …𝑑𝑑 (𝑖𝑖′ has lower achievement than 𝑖𝑖𝑖𝑖 in at least one dimension), or in 
other words, 𝑦𝑦𝑖𝑖′′ dominates 𝑦𝑦𝑖𝑖′

► A (multidimensional) distribution 𝑦𝑦∗ is obtained from 𝑦𝑦 by a transfer in a deprived 
dimension 𝑗𝑗𝑖 from individual 𝑖𝑖′ to 𝑖𝑖𝑖𝑖 if 𝑦𝑦𝑖𝑖′𝑖𝑖′ < 𝑧𝑧𝑖𝑖′ and 𝑦𝑦𝑖𝑖′𝑖𝑖′

∗ = 𝑦𝑦𝑖𝑖′𝑖𝑖′ − 𝜆𝜆𝑦𝑦𝑖𝑖′𝑖𝑖′ and 𝑦𝑦𝑖𝑖′′𝑖𝑖′
∗ =

𝑦𝑦𝑖𝑖′′𝑖𝑖′ + 𝜆𝜆𝑦𝑦𝑖𝑖′𝑖𝑖′ for 0 < 𝜆𝜆 ≤ 1 , while 𝑦𝑦𝑖𝑖𝑖𝑖∗ = 𝑦𝑦𝑖𝑖𝑖𝑖 for all other 𝑖𝑖, 𝑗𝑗 ≠ 𝑖𝑖′𝑗𝑗′ , 𝑖𝑖′′, 𝑗𝑗′ .   

● Strong transfer axiom:  If 𝑦𝑦∗ is obtained from 𝑦𝑦 by a transfer in a deprived dimension 
from a poorer to a richer person, then 𝑀𝑀 𝑦𝑦∗ > 𝑀𝑀(𝑦𝑦).  
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Violation of strong transfer axiom by AF counting measures
● Can be demonstrated by a simple (3-person 4-dimension) example: 

► Consider a transfer from person 2 (poorer person) to person 1 (richer person) of 40 units of attribute 
3: 

𝑧𝑧 = 10 5 100 1 and 𝑘𝑘 = 2

► Easy to check that 𝑀𝑀 𝛼𝛼,𝑘𝑘;𝑦𝑦∗ < 𝑀𝑀(𝛼𝛼, 𝑘𝑘;𝑦𝑦) for all values of 𝛼𝛼 as  𝟎𝟎.𝟖𝟖 𝜶𝜶 < 𝟎𝟎.𝟒𝟒 𝜶𝜶 +
𝟎𝟎.𝟑𝟑 𝜶𝜶 + 𝟏𝟏

● A regressive transfer in a single dimension reduces poverty ! 
Measurement of multidimensional poverty 20

Before transfer 𝑐𝑐𝑖𝑖 After transfer 𝑐𝑐𝑖𝑖

𝑦𝑦 =
15 8 𝟕𝟕𝟎𝟎 0
3 4 𝟔𝟔𝟎𝟎 0

11 7 150 1

𝟐𝟐
𝟒𝟒
0

→ 𝑦𝑦∗ =
15 8 𝟏𝟏𝟏𝟏𝟎𝟎 0
3 4 𝟐𝟐𝟎𝟎 0

11 7 150 1

1
𝟒𝟒
0

Before transfer 𝑐𝑐𝑖𝑖 After transfer 𝑐𝑐𝑖𝑖

𝑔𝑔𝛼𝛼 𝑦𝑦 =
0 0 𝟎𝟎.𝟑𝟑 𝜶𝜶 1

𝟎𝟎.𝟕𝟕 𝜶𝜶 𝟎𝟎.𝟐𝟐 𝜶𝜶 𝟎𝟎.𝟒𝟒 𝜶𝜶 1
0 0 0 0

𝟐𝟐
𝟒𝟒
0

→ 𝑔𝑔𝛼𝛼 𝑦𝑦∗ =
0 0 𝟎𝟎 1

𝟎𝟎.𝟕𝟕 𝜶𝜶 𝟎𝟎.𝟐𝟐 𝜶𝜶 𝟎𝟎.𝟖𝟖 𝜶𝜶 1
0 0 0 0

1
𝟒𝟒
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Violation of strong transfer axiom by AF counting measures

● Thus, a series of regressive transfers can progressively reduce measured md-poverty 

● Fundamentally, the violation arises because the “dual cut-off” assigns a zero weight to any 
deprivations of “non-poor” persons 

● Which suggests an immediate solution: set 𝑘𝑘 = 1 the union approach, which yields: 

𝑀𝑀 𝛼𝛼;𝑦𝑦 =
1
𝑛𝑛𝑑𝑑

�
𝑖𝑖=1

𝑛𝑛

�
𝑖𝑖=1

𝑑𝑑

𝑔𝑔𝑖𝑖𝑖𝑖𝛼𝛼

● Same as the additive multidimensional FGT measure in Bourguignon and Chakravarty (2003)

● AF present their measures as a generalization of Bourguignon-Chakravarty, but the 
generalization comes at a price
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Making every deprivation count: the case for the union 
approach

● Inherent tension within the “dual cut-off” methodology to multidimensional poverty 
measurement 

► The entire Sen program motivated by the professed need to take account of multiple 
deprivations faced by individuals – the essentiality of these deprivations 

► Yet, the cross-dimensional cut-off forces the poverty measure to neglect deprivations of those 
deficient in fewer than 𝑘𝑘 dimensions, no matter how large those deprivations are 

● Obvious resolution of the tension achieved by letting every deprivation count, i.e. the 
union approach 
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AF arguments against the union approach

● “Mismeasurement”  argument: 

► “deprivation in certain single dimensions may be reflective of something other than poverty” 

1. Some deprivations may be “fortuitous” (e.g. a self-made millionaire with little or no education, a 
wealthy family who lost a child)

2. Could be “chosen” by an individual (e.g. a supermodel with low BMI) 

3. Could be measured with error 

● “Targeting” argument: 

► “when the number of dimensions is large, the union approach will often identify most of the 
population as being poor… Consequently, a union-based poverty methodology may not be 
helpful in distinguishing and targeting the most extensively deprived” 
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These arguments against the union approach 
are not very persuasive
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“Fortuitous” or chosen deprivations

● A dual cut-off (e.g. requiring deprivation in 3 out of 10 dimensions) not only eliminates 
the occasional illiterate self-made millionaire, but many others with no education who 
manage to scrape above deprivation cut-offs in enough other dimensions

► Empirically, error of exclusion greater than errors of inclusion 

► Implicit assumption: ALL deprivations of an individual must be “fortuitous” if the total number 
of deprivations falls short of the poverty cut-off 

► Union approach avoids errors of exclusion and offers a reasonable allowance for “fortuitous” 
deprivation

● Dual cut-off ignores ALL deprivations below the poverty cut-off whether “chosen” or not 

● Those who believe that the poor are the authors of their own misery – but the issue of 
“choice” or “attribution of responsibility” for poverty logically distinct from the issue of the 
existence of poverty 
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Measurement error 

● Dual cut-off takes an “amputative” approach to pure measurement error 

► ALL deprivations below the poverty cut-off given zero weight whether measured with error or 
not 

► Measurement errors are not likely to be unidirectionally discontinuous at the deprivation 
threshold

• ME matters for only those with fewer than 𝑘𝑘 deprivations, but can be ignored for those with more 
deprivations 

• ME can also imply that it is possible for someone to be deemed non-deprived in a particular 
dimension when in fact she is deprived in that dimension  

► Measurement errors are also likely to differ across dimensions: some dimensions are harder 
to measure than others, but dual cut-off approach is blind to dimensional specificity 
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Targeting

● Targeting argument – of a practical and empirical nature 

► UNDP: for 32 of the 104 countries, union approach identifies > 90% of the population as poor 
(deprived in at least one of 10 dimensions used for the MPI) 

● But:
𝑀𝑀 𝛼𝛼;𝑦𝑦 = 𝑠𝑠1𝑀𝑀 𝛼𝛼;𝑦𝑦 𝑐𝑐𝑖𝑖 = 1 + 𝑠𝑠2𝑀𝑀 𝛼𝛼;𝑦𝑦 𝑐𝑐𝑖𝑖 = 2 + ⋯+ 𝑠𝑠𝑑𝑑𝑀𝑀 𝛼𝛼;𝑦𝑦 𝑐𝑐𝑖𝑖 = 𝑑𝑑

● Target group can be a subset of the poor identified with the union approach 

● One could always start with those deprived all 𝑑𝑑 dimensions, then move on to those 
deprived in 𝑑𝑑 − 1 dimensions, and so on 
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AF counting measures are insensitive to 
concentration of deprivations
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AF measures insensitive to concentration of deprivations
● Consider distributions 𝑦𝑦 and 𝑦𝑦∗ (and 𝑘𝑘 = 2)  

𝑔𝑔𝛼𝛼(𝑦𝑦) =
𝒂𝒂𝟏𝟏 𝜶𝜶 𝒂𝒂𝟐𝟐 𝜶𝜶 0 0

0 0 𝒂𝒂𝟑𝟑 𝜶𝜶 𝒂𝒂𝟒𝟒 𝜶𝜶

0 0 0 0
→ 𝑔𝑔𝛼𝛼(𝑦𝑦∗) =

0 0 0 0
𝒂𝒂𝟏𝟏 𝜶𝜶 𝒂𝒂𝟐𝟐 𝜶𝜶 𝒂𝒂𝟑𝟑 𝜶𝜶 𝒂𝒂𝟒𝟒 𝜶𝜶

0 0 0 0

● Deprivations more concentrated in 𝑦𝑦∗, but means of the two deprivation matrices are the same 

► 𝑀𝑀 𝛼𝛼, 𝑘𝑘;𝑦𝑦 = 𝑀𝑀(𝛼𝛼, 𝑘𝑘; 𝑦𝑦∗) for all values of 𝛼𝛼

● AF measures completely insensitive to how a given set of deprivations is spread across the poor

► maximal and minimal concentrations of deprivations are treated alike 

● This issue persists even in the union case when 𝑘𝑘 = 1

● In general: 

► 𝑀𝑀 𝛼𝛼, 𝑘𝑘;𝑦𝑦 unchanged for any rearrangement of a given set of deprivations for all values of α and 𝑘𝑘 if it leaves 
the set of poor unchanged.  
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The idea of cross-dimensional convexity
● AF measures (including the special case with 𝑘𝑘 = 1) are rather utilitarian in nature

► Rely on a “sum-ranking”, i.e., the aggregation of individual deprivations by summing them up 

● Going beyond utilitarian sum-ranking: 

► Arguable that a given deprivation is more burdensome for an individual if also accompanied by 
deprivation in other dimensions 

► Stiglitz, Sen and Fitoussi (2009): “…the consequences for quality of life of having multiple 
disadvantages far exceed the sum of their individual effects”   (Sarkozy Commission) 

► Key idea: compounding negative effects of multiple disadvantages – related to  
• the sociological concept of the “underclass” (Wilson 1987, 2006)
• policy discussions of “social exclusion” 
• some formulations of “poverty traps” 

► Banerjee and Duflo (2011):  examples of how interlocking deprivations in multiple dimensions can 
become “a mechanism for current misfortunes to turn into future poverty” 

► A large part of excess mortality in developing countries is arguably the consequence of accumulated 
multiple deprivations amongst sections of their populations
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The idea of cross-dimensional convexity 

● Unifying idea: multiple disadvantages can reinforce each other through various 
mechanisms to: 
► reproduce poverty for certain groups
► undermine the “life chances” of the underclass
► blight future prospects for the most disadvantaged and “excluded” in society

● Multiple disadvantage can make it harder to graduate out of poverty – recent evidence 
from field experiments: 
► Banerjee et al (2015, Science) – 6-country RCT on the success of multi-faceted interventions 

in helping the ultra-poor graduate out of poverty  

• Multifaceted support included asset transfer, consumption support, health/education services, 
training and coaching and saving encouragement  

► Similar evidence from Gobin, Santos and Toth (2016) 

► lends support to the notion of multiple disadvantage as poverty traps
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Cross-dimensional convexity

● A case can be made that multidimensional poverty measures be sensitive to the distribution of 
a given set of deprivations – this can be achieved by: 

Cross-dimensional convexity (or supermodularity/ increasing differences):  

► An increment in deprivation 𝑗𝑗′ for individual 𝑖𝑖 induces a greater increase in measured poverty for 
individual 𝑖𝑖, the greater individual 𝑖𝑖’s deprivation in any other dimension 𝑗𝑗 ≠ 𝑗𝑗′

● The axiom : 

► asserts that the severity of the effects of an increase in deprivation in any one dimension increases 
(not only with the level of deprivation in that dimension but also) with the level of deprivation in other 
dimensions

● There is no real mystery to the idea that if you are hurting on many fronts, an additional blow 
could be completely crushing   

● Cross-dimensional convexity axiom appeals to this idea of the compounding (negative) effect 
of multiple deprivations on the overall well-being of the individual

●  leads to distribution-sensitive md-poverty measures 
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Distribution-sensitive measure 𝑀𝑀 𝛼𝛼,𝛽𝛽;𝑦𝑦

𝑀𝑀 𝛼𝛼,𝛽𝛽;𝑦𝑦 =
1
𝑛𝑛
�
𝑖𝑖=1

𝑛𝑛
1
𝑑𝑑
�
𝑖𝑖=1

𝑑𝑑

𝑔𝑔𝑖𝑖𝑖𝑖𝛼𝛼
𝛽𝛽

for 𝛼𝛼 ≥ 0 and 𝛽𝛽 ≥ 1

● can be considered a generalization of the union-based measure 𝑀𝑀 𝛼𝛼, 𝑘𝑘 = 1;𝑦𝑦

► 𝑀𝑀 𝛼𝛼, 𝑘𝑘 = 1;𝑦𝑦 obtained when 𝛽𝛽 = 1

● satisfies cross-dimensional convexity when 𝛽𝛽 > 1

● Proposition:  The multidimensional poverty measure 𝑀𝑀 𝛼𝛼,𝛽𝛽;𝑦𝑦 satisfies:

► deprivation focus, poverty focus, subgroup decomposability, replication invariance, symmetry, 
normalization

► strong monotonicity for 𝛼𝛼 > 0 and 𝛽𝛽 ≥ 1, 

► strong dimensional monotonicity for 𝛽𝛽 ≥ 1 , 

► strong transfer for 𝛼𝛼 > 1,𝛽𝛽 ≥ 1 or 𝛼𝛼 ≥ 1,𝛽𝛽 > 1 , and 

► cross-dimensional convexity and strong rearrangement for 𝛽𝛽 > 1. 
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Remarks on the 𝑀𝑀 𝛼𝛼,𝛽𝛽; 𝑦𝑦 measure 

𝑀𝑀 𝛼𝛼,𝛽𝛽;𝑦𝑦 measures are distribution-sensitive in two ways:

1. They satisfy the strong transfer axiom for 𝛼𝛼 > 1,𝛽𝛽 ≥ 1 or 𝛼𝛼 ≥ 1,𝛽𝛽 > 1

► In this respect, 𝑀𝑀 𝛼𝛼,𝛽𝛽;𝑦𝑦 differs from AF measures which only satisfy the weak transfer 
axiom 

 i.e. they only satisfy that progressive transfers between poor people decrease (or at least not increase) 
poverty, but do not ensure that regressive transfers increase (or at lease not decrease) poverty 

2. They satisfy a strong rearrangement axiom for 𝛽𝛽 > 1

► An association-decreasing (association-increasing) switch of achievements decreases 
(increases) 𝑀𝑀 𝛼𝛼,𝛽𝛽;𝑦𝑦 Figure

► It can be shown that:  cross-dimensional convexity if and only if strong rearrangement 

► AF measures only satisfy weak rearrangement: association-increasing (decreasing) switches 
leave the measures unchanged – in fact, rearrangement invariance 

► 𝑀𝑀 𝛼𝛼,𝛽𝛽; 𝑦𝑦 responsive to the dispersion or concentration of deprivations 
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Do “production” complementarities between attributes pose 
a challenge to the normative appeal of CDC?

● This has featured frequently in the literature in various forms - Bourguignon and 
Chakravarty (2003), Duclos, Sahn and Younger (2006), Alkire and Foster (2011), Rippin
(2013)

● For instance, the argument is made that considerations of complementarity between 
attributes should make room for departures from cross-dimensional convexity

● One can discuss the key issue at two levels: 
► (i) in the stark case of perfect complementarity between two attributes in the specific sense 

that the possession of one attribute (e.g. refrigerators) is of no use without the possession of 
the other (e.g. electricity); 

► (ii) in the context of the more general and larger question of whether or how complementarity 
should influence multidimensional poverty measurement

Measurement of multidimensional poverty 35



(i) “Perfect” complementarity and the normative appeal of 
CDC

● For (i), CDC would seem to favour a more even distribution of electricity connections 
and refrigerators, even though refrigerators without electricity are of no use (abstracting 
from the possibility that they can be sold for something else) 

● A reasonable response here could be to redefine the two underlying deprivations to take 
into account this particular feature
► Two distinct deprivations :

1. Not having access to electricity 

2. Having access to electricity and not having a refrigerator 

► With this redefinition, handing out refrigerators to those without an electricity connection will 
not serve to reduce the second deprivation, opening the door for a consistent application of 
CDC
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(ii) More general “production” complementarities and the 
normative appeal of CDC
● Main point :- How production complementarities between attributes (how one attribute is 

transformed into another) should inform policy choices is better handled independently of 
how a social welfare function is specified (viewing MD poverty measure as a social welfare 
function) 

Example: 
● Consider two attributes, nutrition (N) and education (E) and two persons, A and B, with the 

following deprivation matrix, 𝑔𝑔𝑖: 

𝑔𝑔′ =
𝐸𝐸 𝑁𝑁

𝐴𝐴 0.8 0.2
𝐵𝐵 0.6 0.6

● Now consider a correlation-increasing switch of the nutrition deprivation resulting in 𝑔𝑔′′:

𝑔𝑔′′ =
𝐸𝐸 𝑁𝑁

𝐴𝐴 0.8 0.6
𝐵𝐵 0.6 0.2

● CDC asserts 𝑀𝑀 𝑔𝑔′′ > 𝑀𝑀(𝑔𝑔𝑖)
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(ii) More general “production” complementarities and the 
normative appeal of CDC

● Now invoke a production complementarity where better nutrition leads to better education 
outcomes 

● E.g. with lower nutrition deficit after the switch, B’s education deficit declines, say, to 0.2.  By 
the same token, A’s higher nutrition deficit after the switch increases his education 
deprivation, say to 0.9. Thus, after the switch:    

𝑔𝑔′′ =
𝐸𝐸 𝑁𝑁

𝐴𝐴 0.8 0.6
𝐵𝐵 0.6 0.2

-->    𝑔𝑔′′′ =
𝐸𝐸 𝑁𝑁

𝐴𝐴 0.9 0.6
𝐵𝐵 0.2 0.2

● But, given this production complementarity, we should then be comparing 𝑔𝑔𝑖 with 𝑔𝑔𝑖𝑖𝑖 after 
the switch

𝑔𝑔′ =
𝐸𝐸 𝑁𝑁

𝐴𝐴 0.8 0.2
𝐵𝐵 0.6 0.6

-->    𝑔𝑔′′′ =
𝐸𝐸 𝑁𝑁

𝐴𝐴 0.9 0.6
𝐵𝐵 0.2 0.2

● But, 𝐶𝐶𝐷𝐷𝐶𝐶 ⇏ 𝑀𝑀 𝑔𝑔′′′ > 𝑀𝑀(𝑔𝑔𝑖).  Or put differently, the possibility that 𝑀𝑀 𝑔𝑔′′′ < 𝑀𝑀(𝑔𝑔𝑖)
is consistent with CDC 
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Remarks on antecedents to the 𝑀𝑀 𝛼𝛼,𝛽𝛽; 𝑦𝑦 measure 

● When deprivations are measured in only ordinal binary form: 

𝑀𝑀 𝛼𝛼,𝛽𝛽;𝑦𝑦 = 1
𝑛𝑛
∑𝑖𝑖=1𝑛𝑛 𝑐𝑐𝑖𝑖

𝑑𝑑

𝛽𝛽
for 𝛽𝛽 ≥ 1 … same as Chakravarty and D’Ambrosio (2006)

𝑀𝑀 𝛼𝛼, 𝑘𝑘;𝑦𝑦 = 1
𝑛𝑛
∑𝑖𝑖=1𝑛𝑛 𝑐𝑐𝑖𝑖

𝑑𝑑
= ̿𝑐𝑐

𝑑𝑑

► AF measure depends only on the average number of deprivations, while 𝑀𝑀 𝛼𝛼,𝛽𝛽; 𝑦𝑦 also depends 
on the distribution of deprivations for 𝛽𝛽 > 1, thus still allowing for “inequality-aversion”  

● 𝑀𝑀𝐵𝐵𝐵𝐵 = 1
𝑛𝑛
∑𝑖𝑖=1𝑛𝑛 𝑑𝑑1𝑔𝑔𝑖𝑖1𝜃𝜃 + 𝑑𝑑2𝑔𝑔𝑖𝑖2𝜃𝜃

𝜆𝜆/𝜃𝜃
… one of the measures in Bourguignon and 

Chakravarty (2003) [  𝜆𝜆/𝜃𝜃 = β,𝜃𝜃 = α ]

● [𝑀𝑀𝛼𝛼 𝑦𝑦𝑖𝑖; 𝑧𝑧 ]𝛾𝛾 … concluding section of Alkire and Foster (2011) 

● But 𝜆𝜆/𝜃𝜃 or 𝛾𝛾 being > 1 or < 1 treated as alternative possibilities, while 𝑀𝑀 𝛼𝛼,𝛽𝛽;𝑦𝑦 gives 
normative primacy to 𝛽𝛽 > 1.

Measurement of multidimensional poverty 39



Remarks on the 𝑀𝑀 𝛼𝛼,𝛽𝛽; 𝑦𝑦 measure contd.

● Dimensional weights: 

𝑀𝑀 𝛼𝛼,𝛽𝛽;𝑦𝑦 can readily allow for unequal weights for dimensions 

𝑀𝑀 𝛼𝛼,𝛽𝛽; 𝑦𝑦 =
1
𝑛𝑛�
𝑖𝑖=1

𝑛𝑛

�
𝑖𝑖=1

𝑑𝑑

𝑤𝑤𝑖𝑖𝑔𝑔𝑖𝑖𝑖𝑖𝛼𝛼
𝛽𝛽

for 𝛽𝛽 ≥ 1

where ∑𝑖𝑖=1𝑑𝑑 𝑤𝑤𝑖𝑖 = 1
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Note that 𝑀𝑀(𝛼𝛼,𝛽𝛽;𝑦𝑦) can be written as an average of individual poverty measures, 

𝑚𝑚𝑖𝑖(𝛼𝛼,𝛽𝛽; 𝑦𝑦𝑖𝑖): 

𝑀𝑀(𝛼𝛼,𝛽𝛽; 𝑦𝑦) =  1
𝑛𝑛
∑ 𝑚𝑚𝑖𝑖
𝑛𝑛
𝑖𝑖=1 (𝛼𝛼,𝛽𝛽;𝑦𝑦𝑖𝑖)   where 𝑚𝑚𝑖𝑖(𝛼𝛼,𝛽𝛽; 𝑦𝑦𝑖𝑖) =  �1

𝑑𝑑
∑ 𝑔𝑔𝑖𝑖𝑗𝑗𝛼𝛼𝑑𝑑
𝑗𝑗=1 �

𝛽𝛽
 (1)  

 



Dimensional decomposition of 𝑀𝑀 𝛼𝛼,𝛽𝛽;𝑦𝑦

● 𝑀𝑀 𝛼𝛼,𝛽𝛽;𝑦𝑦 satisfies subgroup decomposability, but what about decomposition across 
dimensions (factor decomposition)? 

► Dimensional decomposition => the ability to decompose the poverty measure into mutually 
exclusive and exhaustive contributions of each of the included dimensions 

► The facility of linear decomposition is no longer available for distribution-sensitive poverty 
measures when they allow for compounding effects of deprivations across multiple dimensions

● However, it is possible to use Shapley value decomposition (Shorrocks, 2013) to evaluate 
contributions of different dimensions to aggregate multidimensional poverty 

► Shapley value = expected marginal impact of eliminating deprivation 𝑗𝑗 when the expectation is 
taken over all 𝑑𝑑! possible sequences of removing deprivation 𝑗𝑗

► Formulae for implementation – in the paper 
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Application to India

● Implementation using data from the Third National Family Health Survey (NFHS3) for 
2005-6 

● Same data as used by Alkire and Seth (2009, 2013) using the AF methodology 

● Aim of the application: 
► Illustrate key properties of distribution-sensitive measures 

► And how they compare with counting measures.   
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Alkire-Seth (India): 10 dimensions; poverty cut-off = 1/3 
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Indicator/ 
dimension Weight Definition of indicator and its deprivation cut-off % deprived

Years of schooling 1/6 No household member has completed five years of schooling 18.5

School attendance 1/6 Any 7-14 year old child in the household is not attending school in the 
academic year of study * 16.5

Child mortality 1/6 Any child under the age of 5 of an ever married woman has died in the 
household 21.4

Nutrition 1/6 Any ever-married woman with a BMI lower than 18.5 Kg/m2 or any 
child under 36 months with a weight-for-age z-score of less than -2 35.7

Electricity 1/18 The household has no access to electricity 32.8

Sanitation 1/18 The household’s sanitation facility is not improved or it is shared with 
other households 69.6

Water 1/18 The household does not have access to safe drinking water or safe 
water is more than a 30-minute walk (round-trip) 15.9

Housing 1/18 The household lives in a kaccha house; or lives in a semi-pucca house 
and owns less than 5 acres of unirrigated or 2.5 acres of irrigated land 48.5

Fuel 1/18 The household mainly cooks with charcoal, crop residue, animal dung, 
wood, or straw/shrubs/grass 71.7

Assets 1/18 The household does not own more than one of: radio, TV, telephone, 
bike, motorbike or refrigerator, and does not own a car or truck 49.5

M(α, k; y) for (α=0, k=1/3) 0.243
H (k; y) for (k=1/3) 0.474



1. 41% of the deprived and 22% of all deprivations missed by not 
counting deprivations of those below the dual cut-off
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Poverty status

% of 
weighted 
deprivations 
(ci/d)

% 
share in 
popn.

M(α, k; y) 

(k=1/3)

M(α, β; y)

( β=1)

M(α, β; y) 

( β=2)

Average 
deprivation 

intensity

Not deprived in any dimension ci/d = 0 11.4 0 0 0 0
Not poor by dual cut-off, poor by union 
method 0 < ci/d < 1/3 41.2 0 0.171 0.035 0.171
Poor by dual cut-off and union method ci/d >= 1/3 47.4 0.513 0.513 0.287 0.513

Total 100.0 0.243 0.314 0.150 0.314

Share of

Poverty status

% of 
weighted 
deprivations 
(ci/d)

Total 
depri-

vations

M(α, k; y) 

(k=1/3)

M(α, β; y)

( β=1)

M(α, β; y) 

( β=2)

Not deprived in any dimension ci/d = 0 0% 0% 0% 0%
Not poor by dual cut-off, poor by union 
method 0 < ci/d < 1/3 22% 0% 22% 10%
Poor by dual cut-off and union method ci/d >= 1/3 77% 100% 77% 91%

Total 100% 100% 100% 100%



FIGURE 1: LOWER ORDERS OF DISTRIBUTION-SENSITIVITY TEND TO COMPRESS THE MULTIDIMENSIONAL 
POVERTY PROFILE  

 
Note: The Figure shows multidimensional poverty indices for Indian States relative to Kerala (2005-6) for different 
degrees of distribution-sensitivity parameterized by different values of 𝛽𝛽.   
Source: Calculated from NFHS3 data. 

 

2.  Less distribution-sensitive measures tend to compress the poverty 
profile



3.  Greater concentration of deprivations amongst the poor can reduce
counting measures
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Multidimensional 
headcount and 
poverty measure

Actual 
value

Value with maximum 
concentration of deprivations

H (k=1/3) 47.4 33.1

M(α, k=1/3) 0.243 0.223

H (k=0) 88.6 87.2

M(α, β=1) 0.314 0.314

M(α, β=2) 0.150 0.196



4.  Distribution-sensitive measures offer a way of assessing how much 
inequality of deprivations contributes to total md-poverty
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Ω 𝛼𝛼,𝛽𝛽;𝑔𝑔𝛼𝛼 = 𝑀𝑀 𝛼𝛼,𝛽𝛽;𝑔𝑔𝛼𝛼 − 𝑀𝑀 𝛼𝛼,𝛽𝛽;𝑔𝑔𝛼𝛼

Multidimensional poverty 
measure M(α, β; y) M(α, k; y)

β = 1 β = 2 β = 3
k = 
1/3

k = 
1/18

Actual M(α, . ; g) 0.314 0.150 0.086 0.243 0.314

With uniform deprivation vector M(α, . ; ḡ) 0.314 0.098 0.031 0 0.314

Inequality component Ω(α, . ; g) 0 0.052 0.055 0.243 0

Share of inequality component 0% 35% 64% 100% 0%



5.  Shapley dimensional decompositions of poverty
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    M(α, k=1/3)   M(α, β=1) M(α, β=2) 

Dimension Weight 
(%) 

Post-
identification 

decomposition 

Shapley 
dimensional 

decomposition 
  

Shapley 
dimensional 

decomposition 

Shapley 
dimensional 

decomposition 

Years of schooling 16.7% 11.2% 12.3%   9.8% 12.0% 
School attendance 16.7% 9.3% 10.6%   8.8% 10.8% 

Nutrition 16.7% 20.7% 19.7%   19.0% 19.4% 
Child mortality 16.7% 11.9% 12.5%   11.4% 12.5% 

Electricity 5.6% 6.0% 5.9%   5.8% 6.1% 
Sanitation 5.6% 10.6% 10.1%   12.3% 10.1% 

Water 5.6% 2.6% 2.5%   2.8% 2.5% 
Housing 5.6% 8.4% 8.2%   8.6% 8.1% 

Fuel 5.6% 11.1% 10.5%   12.7% 10.5% 
Assets 5.6% 8.2% 8.0%   8.8% 8.0% 

Total 100.0% 100.0% 100.0%   100.0% 100.0% 
 



Concluding remarks 

● The paper contributes to the methodological literature on md-poverty 

● Argues the case for distribution-sensitive md-poverty measurers 

● 𝑀𝑀 𝛼𝛼,𝛽𝛽;𝑦𝑦 are distribution-sensitive in two ways: 

► Satisfy the strong transfer axiom requiring regressive transfers to be poverty-increasing 

► Satisfy cross-dimensional convexity (shown to be equivalent to strong rearrangement) whereby the cumulative 
effect of multiple deprivations is deemed to be more than the sum of their parts

● Shows how to implement Shapley dimensional decomposition 

● Application for India shows that use of distribution-sensitive measures can matter for: 

► Assessing the magnitude of poverty 

► Poverty profile and subgroup contributions  

► Assessing the contribution of unequal distribution of deprivations to aggregate md-poverty 

● The ultimate appeal of these measures rests on the properties (axioms) they satisfy and how reasonable 
those properties are deemed to be   
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Cross-dimensional convexity
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Note that 𝑀𝑀(𝛼𝛼,𝛽𝛽;𝑦𝑦) can be written as an average of individual poverty measures, 

𝑚𝑚𝑖𝑖(𝛼𝛼,𝛽𝛽; 𝑦𝑦𝑖𝑖): 

𝑀𝑀(𝛼𝛼,𝛽𝛽; 𝑦𝑦) =  1
𝑛𝑛
∑ 𝑚𝑚𝑖𝑖
𝑛𝑛
𝑖𝑖=1 (𝛼𝛼,𝛽𝛽;𝑦𝑦𝑖𝑖)   where 𝑚𝑚𝑖𝑖(𝛼𝛼,𝛽𝛽; 𝑦𝑦𝑖𝑖) =  �1

𝑑𝑑
∑ 𝑔𝑔𝑖𝑖𝑗𝑗𝛼𝛼𝑑𝑑
𝑗𝑗=1 �

𝛽𝛽
 (1)  

 

𝜕𝜕2𝑚𝑚𝑖𝑖 𝛼𝛼,𝛽𝛽;𝑦𝑦
𝜕𝜕𝑦𝑦𝑖𝑖𝑖𝑖𝜕𝜕𝑦𝑦𝑖𝑖𝑖𝑖′

= 1
𝑧𝑧𝑖𝑖𝑧𝑧𝑖𝑖′

𝜕𝜕2𝑚𝑚𝑖𝑖 𝛼𝛼,𝛽𝛽;𝑦𝑦
𝜕𝜕𝑔𝑔𝑖𝑖𝑖𝑖𝜕𝜕𝑔𝑔𝑖𝑖𝑖𝑖′

, 

𝜕𝜕2𝑚𝑚𝑖𝑖 𝛼𝛼,𝛽𝛽;𝑦𝑦
𝜕𝜕𝑔𝑔𝑖𝑖𝑖𝑖𝜕𝜕𝑔𝑔𝑖𝑖𝑖𝑖′

=
𝛼𝛼2𝛽𝛽(𝛽𝛽 − 1)𝑔𝑔𝑖𝑖𝑖𝑖𝛼𝛼−1𝑔𝑔𝑖𝑖𝑖𝑖′𝛼𝛼−1

𝑑𝑑2 𝑚𝑚𝑖𝑖 𝛼𝛼,𝛽𝛽 − 2;𝑦𝑦𝑖𝑖 > 0 for 𝛽𝛽 > 1



Association-increasing switch from (A,B) to (A’,B’)
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